Please send mistakes or typos to xxchai@math.cuhk.edu.hk

1. Start with cos(A — B) = cos A cos B + sin A sin B, sin(A + B) = sinA cos B +
cos Asin B and other elementry formulas, fill the blanks of 1a-1c¢ and solve 1d.

la. cosa + cos 8= 2cos(2F2)cos(

a—p
; )

2

Proof Let A:a;rﬁ and B:agﬁ. Then A+ B=«a and A — B = [3, since

cos(A — B) =cos A cos B+ sin Asin B
cos(A+ B) =cos Acos B —sin Asin B,

SO

cos a+ cosf=cos(A+ B) +cos(A — B)
=[cos A cos B — sin Asin B] +
+ [cos A cos B + sin Asin B

=2cos Acos B
a+p  a—p

=2c08 5 CcoS 5

1b. sina +sinff = QSin(aTJrﬁ)sin(anﬁ)

Proof Let A:a;rﬁ and B:a;B. Then A+ B=a and A — B= (3, since

sin(A — B) =sinA cos B — cos Asin B
sin(A+ B) =sinA cos B+ cos Asin B’

we have
sina + sinf=sin(A+ B) +sin(A — B)
=[sin A cos B + cos Asin B] +
[sin A cos B — cos Asin B|
=2sin A cos B
—2sin —2|— BCOSQ ; B.
lc. %cosoz + gsina = 7

1 \/3 . . T T . . T
Proof 5COSQ + —=SINQ = SINCOSQ + COSESINA = sm(g + ).



1d. We introduce complex numbers to facilitate the calculation of trignometric func-
i@ —i0
tions. ¢ is called the square root of —1, i.e. 2 = —1. Use cos 6 = +2e and

29 —1i0
sinf = 26 to reduce the product cosx cos 2z cos 3x to summations of trignometric

functions. Can you use la to do that?

eix+e—ix
Proof Use cosz =——,

08 T €08 2x €083T =—(e'* + e717) (2T 4 e~ HT) (317 4 7317)

€3ix_|_eix_|_e—ix+€—3i$)(€3ix_|_€—3ix)

(

==

(eﬁix+ 64@'1 + 62iz+1 +1+ 6721‘:):_{_ 6741‘:)3 + 6761'1)
==

=—(cosbz + cosdz + cos2z + 1).

.4>| »—nool »—ool »—ool »—ool —

Or use la, we have

cos x cos2x cos3x =(cos x cos 2z )cos3z

Z%@OS(J? +22) + cos(2z — x))cos 3x
:%cosiix cos3zx + %cos T COS3x

2%(1 + cos 6x) + % : %(cos(?)x — ) +cos(3z +1x))
1

4

(cosbx 4 cosdx + cos2x +1).

2. Use mathematical induction to prove the Bernoulli inequality. If > —1 and z#0,
then for all positive integer n > 2 that

(I1+2)">1+nx.

Use the binomial theorem to get a partial proof only for the case x > 0.

Proof Base case n=2. Since x #0,
142z +2%=(14x)*>1+2z.
Assume that n =k that (14 2)">1+nz holds, since 41> 0, we have
(1+2)f =1 +2)*(1+2)>(1+kx)(1+2)

=1+kx+a+ka?
>14(k+1)z.



So we have when n=k+1, (14+x)"> 1+ nz is true. By principle of mathematical
induction, (14 )" >1+nx is true for all positive integers n > 2.

When x > 0, there is an quick proof:

(1+z)" ZC" kqn—k — ZC 2k > Cra® 4+ Cat =1 +na.

3a. lim, 400 (v —vn+1)=7

Solution

lim (\/_—\/W)—hm\/_ nrl

o BN Y a
n—o0 Vn+yvn+1
(V) — (VaE 1)

= lim

n—00 \/_—|—\/n—|—
=lim ———

n—00 \/_—|—\/n—|—
=0.

3b. Use the 3a to find lim, 1o (n — Vn?+2n)="?

Solution 3a tells us that

lim (vVn?+2n—vn?+2n+1)=0.

n—s-+o0
So
1_1&1 (n—vn?+2n)
:”EIBOO[( —Vn?42n+1)+ (Vn2+2n+1—+vn?+2n)]
:nlimoo(n VREP+2n+1)+ lim (Vr2+2n+1—+vn?+2n)
i =)0
:n_—i-i-oo

3c. Determine the monotonicity of sequences {a,} given by

anp = ! + ! +eee !
" 14n n+2 n+n




1

Does lim,,_, o, exists? (hint: % < < %) Use this limit and by contradiction to

n+k
prove that
1 1 1 1
li e e R R Rl
Jim (I+g+gtto—g+y)
does not exist.
Proof We calculate the difference
Any1 — ap=( L + ! +- ! ) —
T Y 1) 2+ (n+1) (n+1)+n+1)
( 1 + 1 _|_..._|_L)
1+n 24+n 2n
_(L—FL—I—"'-F 1 )_( 1 + 1 _|_L)
24n 3+n 2(n+1) 1+n 2+4n 2n
_ 11
“2(n+1) 2n+1 n+1
1 1
> 0.

T+l 2n+1)
So the sequence a, is increasing. Since

(R S PR S N S D
2 2n on =" 14n n+2 n+n n n

So by monotone convergence theorem, lim,,_,.a, exists. Let A = lim,,_,a,, then
<AL

Let S,=1+ % + % 4+ + %, we suppose that lim,,_, .5, exists. Then lim,,_, S,

exists as well and

1
n—1

lim S, = lim Sy,
n— oo n— oo
But because a,, = Ss,, — 5,

0< A= lim a,=lim (Sy,—S5,)= lim Sy, — lim S,, =0.

n— o0 n— 00 n— 00 n— 00

A contradiction. So the limit lim,,_,.S,, does not exist.

3d. (relatively hard) The factorial n! of n is defined to be n!=1-2-3-----n. For
1 < k< n, show that (n+1—k)k >n. Hence deduce that (n!)?>>n". Use this to find

that limnﬁm%.
solution
(n+1—k)k—n=nk—n+(1-k)k

—n(k—1)+ (1 —k)k
—(n—k)(k—1)>0,



so for 1<k<n, (n+1—k)k>=n. We list the inequalities

l'n=(Mn+1-1)1>n
2-(n—1)(n+1-2)2>n

k-(n+1—k)=mn+1-kk>n
n-l=(n+1-—n)n>n.

Taking products, we have

(1-n)(2-(n—1))(n-1)=nln! =n™

1
—35n 1

Yn!

1
<n 2 which gives

1 _1
2-

0< <n

By squeeze theorem,

1
lim ——=0.
nvoo U/l
4. Limits and functions
4a. limg_ _oo $—:::; = 7 and lim, . x—f:;i = 7
solution
2 2 1
g VAL g, VYL
vo—00 THSINT  y—too —y +sin(—y)
2
1
i YY1/
y—+oo [~y +sin(—y)]/y
L+ (5)?
= lim ———
y—too 1 4 sin(—y)
y
1
= =—1.
—1+0
Similarly, lim, x—j:;i =1.
4b. lim,_,, ZEEEoteton g



solution For all n>1, we have

i
r—1
Then
2 cee n__ J— 2_ cee n__
i EHE ot n:hm(:z D+ (z*=1)+-+(z"—1)
z—1 r—1 z—1 r—1

:]_III}[1-{—(1—{—1‘)—{—...+(1+x+x2+“‘+xn71)]
z—

=1+2+43+-+n
_n(n+1)
o 2

4c. It is know that lim,_,q Sizz =1. Find

cos(3tan ) — cos(tan x)

lim 5
x—0 s
and
. 1 —cosxcos2xcos3x
lim .
z—0 1—rcoszx

sinx

solution we use lim,_,q — = 1 to obtain
— cos?2 +sin?2) — (cos?Z — sin?2
liml CQ()sx:hm( 5 2) 2( 2 2)
z—0 T z—0 T
2sin?2 sin>
=lim $22—11m( 962)—l
=04 - (5) 220 =
So
lim cos(3tan x) - cos(tan )
z—0 X
. 1—cos(tanz) 9(1 — cos(tan3x)),sin’x / (cos’r)
=lim | -
20 tan?z (3tan z)? 22
T 1 —cos(tanw) 0lim 1 — cos(tan3z)
2—0 tan?x =0 (3tanx)?
1 1
— 9. 2=—4
2 9 2

We already proved that

COS T COS 27 €OS 3T = i(cos&c + cosdx 4 cos2x + 1).



So

1 — cos x cos 2z cos3x

lim

z—0 1—cosz
o 1- %(cosz + cosdx + cos2x + 1)
= lim
£—0 1 —cosx

1 l—cosbxr 1.. 1—cosdxr 1., 1—cos2zx

lim lim

=_lim

= —1 J—
42501 —cosx 4z—0l—cosx 4z—01—coszx

1,. 1—cos6z (6x) 7

:—l . *
2o (6)2 2 1—cosx
—|—llim 1 —cosdx (4r)*  a?
450 (4x)? 2 1l—cosx
—|—llim 1 —cos2x (2x)? . z?
daso  (2w)2 2 1—cosx
11 .. 11 11
— . . 62.24 .2 42.24 2. 2.92.9=14
TR R B
, In(z®+22+3) _
4d hmzﬁﬁ’oo 1n($8+20181+1) - —?
solution
. In(z% + 2x + 3)
lim
a—-+o0 In(2®+ 2018z +1)

3 (a3 3
~ lim In(x® + 22+ 3) — In(z®) + In(2°)

z—+oo In(28 42018z + 1) — In(28) 4 In(2?)
3lnx + ln%

= lim
Z—>+00 28 +2018z + 1
S8lnz + lnT

_ iy S FIn(+ 2072+ 3273) /Inz
" a5t00 8+ In(1420182 7+ 278) /Inx
3

g.




